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Abstract: This paper investigates the slip 
flow and nonlinear radiative heat transfer of 
nanofluid over an unsteady stretching sheet 
in a porous medium in the presence of 
chemical reaction. The governing equations 
are transformed to ordinary differential 
equations by using similarity 
transformation. Numerical solutions of these 
equations are obtained by using the Runge-
Kutta-Felhberg-45 order method with 
Shooting Technique. The effects of non-
dimensional governing parameters on the 
velocity, temperature, concentration profiles 
are discussed and presented through graphs 
and tables. Accuracy of the results 
compared with the existing ones. Excellent 
agreement is found with earlier studies. 
 
Keywords: Boundary layer flow, velocity 
slip, nonlinear thermal radiation, chemical 
reaction, numerical solution. 

 Nomenclature: 
 

 : velocity components along the  
and  axis, 

 : density of the nanofluid, 

 : nanofluid thermal diffusivity, 

 : kinematic viscosity,  
 : Brownian diffusion coefficient, 
 : thermophoresis diffusion coefficient, 

 : nanofluid temperature,  

 : Non-dimensional temperature, 
: heat capacity of the fluid, 
: effective heat capacity of the 

nanoparticle,  
 : Radiative heat flux, 

: is the nonuniform permeability of 

the porous medium, 
 : ratio between the effective heat 

capacity of the nanoparticle material 
and the fluid, 

 : chemical reaction coefficient,  
 : volumetric volume expansion 

coefficient,  
 : temperature of the nanofluid near 

wall, 
 : free stream temperature of the 

nanofluid,  
 : thermal conductivity,   

:  stretching sheet velocity, 

         : is the initial stretching rate,  
: is the positive constant which measures 

the unsteadiness,  
 : in the initial stretching rate that 

increases with time, 
 : velocity slip factor, 

 : velocity slip parameter, 
: permeability parameter, 
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: Prandtl number, 

 : Radiation parameter,                       

: Brownian motion 

parameter, 
: thermophoresis parameter, 

 : Lewis number, 

 : chemical reaction parameter, 

 : local skin friction coefficient, 
 : local Nusselt number,  
 : Sherwood number, 
 : local Reynolds number. 

 

1. Introduction 

Nanofluid is a new dynamic subclass of 
nanotechnology-based heat transfer fluids 
obtained by dispersing and stably suspended 
nanoparticles with typical dimensions of 
shape and size 1-100 nm.1.Choi and 
Eastman [1] refers to the dispersions of 
nanometer-sized particles in a base fluid 
such as water, ethylene glycol and 
propylene glycol, to increase their thermal 
conductivities. Radiation effect of a water-
based nanofluid flow on a boundary layer 
flow with variable viscosity due to a heated 
convective stretching sheet was observed by 
Makinde and Mishra [2]. Bachok et al. [3] 
analyzed the unsteady boundary-layer flow 
and heat transfer of a nanofluid over a 
permeable stretching sheet. Later on, a two 
dimensional MHD flow of nanofluids on a 
stretching plate by the cause of radiation, 
velocity, and thermal slip boundary 
conditions was investigated by Pal and 
Mandal [4]. A flow on a boundary layer and 
heat transport properties under the impact of 
slip velocity, Brownian motion, and thermal 
radiation were considered by Pal and Roy 
[5].Experimental and theoretical studies on 
convective heat transfer in nanofluids and 
their applications has been presented by 
Godson et al. [6].In recent years, many 
researchers have studied and reported 
nanofluid technology experimentally or 
numerically in the presence of heat transfer 
[7–13]. 
 
The boundary layer flow and heat transfer in 
a quiescent fluid driven by a continuous 
stretching sheet is of significance in a 

number of industrial engineering processes, 
such as drawing of a polymer sheet or 
filaments extruded continuously from a die, 
cooling of a metallic plate in a bath, 
aerodynamic extrusion of plastic sheets, 
continuous casting, rolling, annealing and 
tinning of copper wires, wire and fiber 
coating, etc. During the processes, 
mechanical properties are greatly dependent 
upon the rate of cooling. The classical 
problem of steady flow on a stretched 
surface extruded from a slit was first 
considered by Sakiadis [14, 15], who 
developed a numerical solution using a 
similarity transformation. Erickson et al. 
[16] have extended the work of Sakiadis 
[14] by employing fluid suction or injection 
at the stretched wall and investigating its 
effects on the heat and mass transfer within 
the boundary layer. Crane [17] initiated the 
analytical study of boundary layer flow of a 
Newtonian fluid over a linearly stretching 
surface. The problem of steady flow past a 
stretching surface has been extended by 
many authors [18–20]. All of the above-
mentioned studies were restricted in the 
steady state conditions. The transient or 
unsteady aspects become interesting in 
certain practical problems where the motion 
of the stretched surface may start 
impulsively from rest. 

Nevertheless, in many engineering 
applications, unsteadiness becomes an 
integral part of the problem where the flow 
becomes time- dependent [21, 22, 23]. Thus, 
motivated by this, we extend the study of 
Bachok et al. [3] to the case of convective 
surface boundary condition. For a long time, 
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constant surface temperature and heat flux 
are customarily used. However, there are 
times when heat transfer at the surface relies 
on the surface temperature, as what mostly 
occurs in heat exchangers. In this situation, 
convective boundary condition is used to 
replace the condition of prescribed surface 
temperature. Makinde and Aziz[24] have 
studied the Boundary layer flow of a 
nanofluid past a stretching sheet with a 
convective boundary condition.  Unsteady 
boundary layer flow of a nanofluid over a 
stretching/shrinking sheet with a convective 
boundary condition was studied by Syahira 
Mansur and Anuar Ishak[25].Pal [26] 
investigated the unsteady convective 
boundary layer flow and heat transfer over a 
stretching surface with non-uniform heat 
source/sink and thermal radiation.Kalidas 
Das et al. [27]investigated the unsteady 
boundary layer flow of a nanofluid over a 
heated stretching sheet with thermal 
radiation. Daniel [28] focuses on the effects 
of suction as well as thermal radiation, 
chemical reaction, viscous dissipation and 
Joule heating on a two-dimensional natural 
convective flow of unsteady electrical 
magnetohydrodynamicsnanofluid over a 
linearly permeable stretching sheet. 

In the above mentioned studies were 
confined to the linear approximation for the 
radiative heat transfer effects which are 
valid for small temperature differences. It is 
difficult to construct a system in scientific 
and engineering applications in which the 
working fluids will have a small 
temperature differences. Therefore, the heat 
transfer with nonlinear radiation has been 
recently presented by some researchers. The 
Sakiadis flow with nonlinear Rosseland 
thermal radiation was considerd by 
Pantokratoras and Fang [29]. Unlike, small 
temperature difference within the fluid, they 
have assumed large temperature differences 
within the fluid. Cortell [30] discussed the 
fluid flow and radiative nonlinear heat 
transfer over a stretching sheet. Recently, 
Mushtaq et al. [31] studied a nonlinear 
radiative heat transfer in the flow of 

nanofluid due to solar energy. Hayat et al. 
[32] analyzed the magneto hydro dynamic 
three-dimensional flow of viscoelastic 
nanofluid in the presence of nonlinear 
thermal radiation. Very recently, 
Prasannakumara et al. [33] investigated the 
effects of chemical reaction and nonlinear 
thermal radiation on Williamson nanofluid 
slip flow over a2stretching sheet embedded 
in a porous medium. 

To the authors’ knowledge no studies 
have been reported on the slip effect on 
boundary layer flow and heat transfer of 
nanofluid over an unsteady stretching sheet 
in a porous medium by considering 
nonlinear thermal radiation and chemical 
reaction. In this study the governing 
equations are transformed to ordinary 
differential equations by using similarity 
transformation. Numerical solutions of these 
equations are obtained by using the Runge-
Kutta-Fehlberg-45 order method along with 
Shooting Technique. The effects of non-
dimensional governing parameters on the 
velocity, temperature, concentration 
profiles, friction factor, Nusselt and 
Sherwood numbers are discussed and 
presented through graphs and tables. 
Accuracy of the results to the existing ones 
and are found to be in excellent agreement 
with earlier studies. 

 
2. Mathematical Formulation 

 
Fig.1: Schematic representation of boundary 

layer flow. 
 

Consider an unsteady, incompressible, 
electrically conducting, two dimensional 
boundary layer flow of a dissipative 
nanofluid past a stretching sheet with non-
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uniform velocity  and permeability 
 . The -axis is along the continuous 

stretching surface and axis is normal to the 
surface. The boundary layer equations that 

govern the present flow subject to the 
Boussinesq approximation scan be 
expressed as 

             
                          

(2.1) 
                                                                   

(2.2) 

                   

(2.3) 
+ ),         

(2.4) 
The Boundary conditions for the model as follows  

 
            
(2.5) 
 
Unlike the linearized Rosseland 
approximation, we use nonlinear Rosseland 
diffusion approximation from which one 
can obtain results for both small and large 

differences between and . Using 
Rosseland approximation for radiation, the 
radiative heat flux is simplified as, 

 
,                                   

(2.6) 
  

For a boundary layer flow over a horizontal flat plate (Pantokratoras and Fang, [29]), from 
Eq. (2.6) we get, 

,                         

(2.7)  
In view to Eq. (2.8),energy equation(2.3)takes the form 

                  

(2.8) 
 
For similarity solution, we introduce the following similarity transformation 
 

 
    
(2.9) 
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Where  is a stream function which satisfies the continuity equation (2.1) with 
 

 .      

 (2.10) 
 
Using equations (2.9) and (2.10), equations (2.2), (2.4) and (2.8) becomes 
 

     
 (2.11) 
 

 
                                   
(2.12) 
 

                
(2.13) 
 
Subject to the boundary conditions, 

 
 

                   
(2.14) 
 
For engineering interest the skin-friction coefficient, the reduced Nusselt number, and the 
reduced Sherwood numbers are given by, 
 

,            

(2.15) 
 
where,  is the local Reynold’s number. 
 

3. Numerical Procedure 
 

The system of Eqs. (2.11) to (2.13) with 
boundary conditions of (2.14) has been 
solved by employing a reputable numerical 
Runge–Kutta–Fehlberg (RKF-45)method 
coupled with the shooting technique. For the 
solution  
 
 
of the problem, shooting method converts 
the system to a set of initial value problems 
and then solution is obtained by RKF-45 
method. The step size is taken as 0.001,and 

the convergence criteria are taken as It 
is pertinent to mention here that all the 
results in this study have been computed by 
using the mathematical software Maple. The 
values of Nusselt number and Sherwood 
number for different parameters was shown 
in Table 1 and Table 2, respectively for the 
cases of unsteady and steady flow with 
linear and nonlinear Rosseland 
approximations.  
 
 

4. Results and discussion 
This section is dedicated to check and plot 
the influence of various parameters on 
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velocity, temperature and concentration 
profiles. Figs.2 and 3 shows the effect of 
velocity and temperature, concentration 
profile respectively for various values of 
unsteady parameter . From these figures 
we observed that for increasing values of  
velocity and temperature, concentration 
profile decreases. We may explain this 
phenomenon as increase in unsteady 
parameter improves the temperature near 
the stretching sheet. This makes the wall 
temperature is higher than the ambient 
temperature, and due to this high wall 
temperature nano particles move to cooler 
area, causing a decline in the concentration 
profiles also. 

Figs.4 and 5 respectively illustrate 
the effect of the velocity slip parameter  
on velocity and temperature, nanoparticles 
volume fraction profiles. We can observe 
that the effect of increasing value of 
velocity slip parameter reduces the 
thickness of momentum boundary layer and 
hence decrease the velocity. By this we 
meant that the velocity slip coefficient 
corresponds to increase in both temperature 
and concentration profile. This must be due 
to the existence of slip velocity on the 
stretching surface. 

Figs.6 and 7 illustrates the effect of 
permeability parameter  on velocity and 
temperature, concentration profiles. It is 
obvious that the presence of porous medium 
causes higher restriction to the fluid flow 
which, in turn, slows its motion. Therefore, 
with an increase in permeability parameter, 
the resistance to the fluid motion increases 
and hence velocity decreases as result of 
this temperature and concentration 
increases.  

In Fig.8, the variation of temperature 
with for various values of the Biot 

number is presented. It is observed that 
temperature field increases rapidly near 
the boundary by increasing Biot number. 
This is because of convective heat exchange 
at the plate surface leading to an increase in 
thermal boundary layer thickness. 

Fig.9is plotted for the temperature 
distribution for different values of Eckert 
number .We observe that the effect of 
increasing values of Eckert number is to 
increases the temperature. Further it is 
noticed from this graph that the effect of 
viscous dissipation is to amplify the 
temperature. This is due to fact that heat 
energy is stored in the fluid due to the 
frictional heating. 

Figs.10 and 11 indicate that 
temperature increases by increasing values 
of radiation parameter  and 
temperature ratio parameter physically 
this is due to the fact that with the increase 
in radiation parameter, theme an absorption 
coefficient decreases. Hence the rate of 
radiative heat transfer to the fluid increases. 
Increase in radiation parameter, the mean 
absorption coefficient decreases. Hence the 
rate of radiative heat transfer to the fluid 
increases. 

The effect of chemical reaction 
parameter  on nanoparticle volume 
fraction profile is depicted in Fig.12 for 
species consumption and generation cases. 
It is observed that the nanoparticles volume 
fraction decreases for constructive chemical 
reaction parameter and increases for 
destructive chemical reaction parameter on 
stretching surface. 

Fig.13 shows that the temperature 
profile increases but nanoparticles volume 
fraction profile decreases for higher values 
of Brownian motion parameter  and is 
due to higher thermal conductivity of the 
nanofluid. Both temperature and 
nanoparticles volume fraction exhibits an 
increasing nature for larger values of 
thermophores is parameter  (See 
Fig.14) By this we meant that both  and 

are directly proportional to the 
thermophores is parameter. 

Figs.15 and 16 displays the effect of 
Lewis number  on concentration and 
temperature profiles. From these figures the 
concentration profiles decreases with 
increasing the values of the . It is due to 
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the fact that the larger values of Lewis 
number makes the mass diffusivity smaller, 
therefore it decreases the concentration 
field. The temperature profile increases for 
increasing the values of . 

Fig.17depict the effect of Prandtl 
number  on temperature profiles. In the 
presence of slip and Biot number, an 
increase in Prandtl number decreases the 
temperature profiles. 

 
5. Conclusion 

In the present paper, we have studied 
numerically as well as physically the slip 
flow and nonlinear radiative heat transfer on 
nanofluid past a unsteady stretching sheet 
embedded in a porous medium with 
chemical reaction. From the present 
investigation, the following conclusions are: 

• The velocity, temperature and 
nanoparticle volume fraction profiles 
decrease with the increase in the value 
of the unsteadiness parameter. 

• For increasing the values of velocity slip 
parameter, decreases the velocity profile 
whereas the reverse trend is seen for 
temperature profile. 

• Temperature profile increases for 
increasing the values of Biot number, 
Eckert number, radiation parameter and 
temperature ratio parameter whereas the 
reverse trend is seen for Prandtl number. 

• There is an appreciable increase in the 
nanoparticles concentration and rate of 
mass transfer at the sheet when the 
strength of thermophoretic effect is 
increased. 
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Fig.2: Velocity profile for various values of unsteady parameter  
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Fig.3: Temperature and concentration profile for various values of unsteady parameter  
 

 
Fig.4: Velocity profile for various values of velocity slip parameter  

 

 
Fig.5: Temperature and concentration profile for various values of velocity slip parameter . 
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Fig.6: Velocity profile for various values of permeability parameter . 

 
Fig.7: Temperature and concentration profile for various values of permeability parameter . 

 

 
Fig.8: Temperature profile for various values of Biotnumber . 
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Fig.9: Temperature profile for various values of Eckert number . 

 
Fig.10: Temperature profile for various values of Radiation parameter . 

 

 
Fig.11: Temperature profile for various values of temperature ratio parameter . 
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Fig.12: Concentration profile for various values of chemical reaction parameter . 

 

 
Fig.13: Temperature and concentration profile for various values of Brownian motion parameter 

 
 

 
Fig.14: Temperature and concentration profile for various values of Thermophoresis parameter 
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Fig.15: Concentration profile for various values of Lewis number  

 
Fig.16: Temperature profile for various values of Lewis number  

 
Fig.17: Temperature profile for various values of Prandtl number  
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Abstract: The purpose of the present paper 
is to study Lorentzian 𝛼-Sasakian manifold 
satisfying pseudo Ricci symmetric, Ricci 
generalized pseudo symmetric and 
generalized pseudo-Ricci symmetric 
conditions. Finally, we prove that  Lorentzian 
α-Sasakian manifold satisfying the condition 
S ⋅ R=0 reduces to Einstien manifold with 
scalar curvature – 𝛼2n(n-1). 
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1. Introduction:  

Among the geometric properties of 
manifolds, symmetry is an important one and 
plays a significant role. Semisymmetric 
Riemannian manifolds was first studied by 
Cartan [1]. A Riemannian manifold 𝑀𝑛 is 
called locally symmetric [12] if its curvature 
tensor 𝑅 is parallel, i.e., ∇𝑅 = 0.  A 
Riemannian manifold 𝑀𝑛 is Ricci-
symmetric if its Ricci tensor 𝑆 of type (0,2) 
satisfies ∇S = 0, where ∇ denotes the 
Riemannian connection. ARiemannian 
manifold 𝑀𝑛 is said to be semisymmetric if 
its curvature tensor 𝑅 satisfies 𝑅(𝑋, 𝑌). 𝑅 =
0, 𝑋, 𝑌 ∈  𝑇(𝑀𝑛), where 𝑅(𝑋, 𝑌) acts on 𝑅 
as a derivation [11,6].   

Over the last five decades, the 
concept of Ricci-symmetric manifolds has 
been weakened by several authors to a 
different extent such as Ricci-recurrent 

manifolds [9], Ricci semisymmetric 
manifolds [11], pseudo Ricci-symmetric 
manifolds [4] Ricci pseudo symmetric 
manifold [4,5]. 

Lorentzian manifold plays a pivotal 
role in differential geometric point of view 
because of its wide significance properties. 
An 𝑛-dimensional smooth differentiable 
manifold 𝑀 with Lorentzian metric 𝑔 is 
known as Lorentzian manifold. The idea of 
Lorentzian manifolds was first introduced by 
Matsumoto [7] in 1989. The same idea was 
independently studied by Mihai and Rosca 
[8]. A differentiable manifold 𝑀 of 
dimension 𝑛 is said to be a Lorentzian 𝛼-
Sasakian manifold if it admits a (1,1)-tensor 
field 𝜙, a vector field 𝜉, a 1-form 𝜂 and a 
Lorentzian metric 𝑔 which satisfy the 
conditions 

𝜙2 = 𝐼 + 𝜂⨂𝜉,                          (1.1) 
𝜂(𝜉) = −1, 𝜙𝜉 = 0,    𝜂(𝜙𝑋) = 0, (1.2) 
𝑔(𝑋, 𝜉) = 𝜂(𝑋),                         (1.3) 
 𝑔(𝜙𝑋, 𝜙𝑌) = 𝑔(𝑋, 𝑌) + 𝜂(𝑋)𝜂(𝑌),  (1.4) 
(∇𝑋𝜙)(𝑌) = 𝛼[𝑔(𝑋, 𝑌)𝜉 + 𝜂(𝑌)𝑋] , (1.5) 
 

for all 𝑋, 𝑌 ∈ 𝑇(𝑀𝑛) , where 𝑇(𝑀𝑛) is the 
Lie algebra of smooth vector fields on 
𝑇(𝑀𝑛), 𝛼 is smooth function on 𝑀𝑛 and ∇ 
denotes the covariant differentiation operator 
of Lorentzian metric 𝑔 [10,18].  

On a Lorentzian 𝛼-Sasakian manifold 
[10,18], it can be shown that  

∇𝑋𝜉 = 𝛼𝜙𝑋,  (1.6) 
(∇𝑋𝜂)𝑌 = 𝛼𝑔(𝜙𝑋, 𝑌),   (1.7) 
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