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Abstract— The phenomenon of heat transfer is scrutinized in
the nanofluid flow problem by suspending Copper ( ) and
Aluminium oxide (Al ) nanoparticle with base fluid as water.
The flow takes place over a stretching sheet along with the
presence of nonlinear thermal radiation. The governing
equations are simplified into ordinary differential equations with
the help of bunch of similarity transformation. Reduced
equations are solved numerically using Runge Kutta Fehlberg
fourth fifth order technique. The influence of related parameters
and their physical resultant interpretation are presented and
discussed in detail with the help of graphical representation. It is
reported that, the heat transfer augmentation is more for platelet
shape nanoparticle than cylindrical shape. Moreover, heat
transfer phenomena are more significant for nonlinear thermal
radiation.

Index Terms— Heat transfer, Nanofluid,Nonlinear thermal
radiation, Shape effects.

1. INTRODUCTION

Nanomaterials are being applied in more and more fields
within engineering and technology. One of the key benefits
of nanomaterials is that their properties differ from bulk
material of the same composition. The properties of
nanoparticles can be easily altered by varying their size,
shape, and chemical environment. Among various
nanoparticles, copper and aluminium nanoparticles has
many potential applications in optical, biomedical, catalysis,
cooling fluid or conductive inks and electronic fields due to
their interesting properties like low cost preparation. Copper
is found to be too soft for some applications, and hence it is
often combined with other metals to form numerous alloys
such as brass, which is a copper-zinc alloy while
aluminium/aluminum nanoparticles have been widely
researched and used, primarily because of their increased
reactivity as compared with conventional micron-sized
particle, high hardness, high stability, high insulation and
transparency. The enhancement of the thermal conductivity
of water in the presence of copper ( () using the chemical
reduction method was presented by Liu et al. [1]. Hwang et
al. [2] have measured the pressure drop and convective heat
transfer coefficient of water-based  Al. nanofluids flow
through a uniformly heated circular tube. Classical problem

of forced convection boundary layer flow and heat transfer
near the  stagnation point on a  permeable
stretching/shrinking surface in a nanofluid was studied
theoretically by Arifin et al. [3]. Hamad [4] has examined
the convective flow and heat transfer of an incompressible
viscous nanofluid past a semi-infinite vertical stretching
sheet in the presence of a magnetic field. A large number of
experimental and theoretical studies have been carried out
by many researchers on thermal conductivity of nanofluids
with various effects [5-9]. Control Volume based finite
element method was employed by Sheikholeslami et al. [10]
to study the nanofluid flow by initiating the magnetic field
dependent viscosity. The study of two dimensional
boundary layer flow of a copper (Cu)-water nanofluid on a
moving plate was investigated by Bakar et al. [11]. The
effect of temperature and solid volume fraction on thermal
conductivity of CNTs- Al /water nanofluids was
discussed by Esfe et al. [12]. Rashidi et al. [13] have
examined the impact of nanoparticle volume fraction and
magnetic field in the nanofluid flow through the vertical
channel consisting of sinusoidal walls.

Role of radiation heat transfer is superficial in many
engineering processes which occur at high temperature.
Linearized Rosseland approximation involves the
dimensionless parameters called Radiation parameter and
Prandtl number which are sustainable if the temperature
difference between the plate and ambient fluid is small. But,
for the larger temperature difference nonlinearized
Rosseland approximation is valid. Mushtaq et al. [14]
initiated the Rosseland approximation significance in the
problem of two-dimensional stagnation-point flow of
viscous fluid and analyzed the effect of nonlinear thermal
radiation. Aaiza et al. [15] have concentrated on radiative
heat transfer in mixed convection MHD flow of a different
shapes of A4l. in Ethylene Glycol based nanofluid in a
channel filled with saturated porous medium. An analysis is
carried out by Krishnamurthy et al. [16] to study the
convective heat transfer of steady two-dimensional slip flow
of nanofluid immersed in a porous medium over a
stretching sheet in the presence of nonlinear thermal
radiation. An emphasis has given on the impact of nonlinear
thermal radiation and chemical reaction in two cases i.e., for
constructive and destructive by Prasannakumara et al. [17]
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for the slip flow of non-Newtonian nanofluid and they have
determined that, increase of chemical reaction parameter for
constructive case decreases the concentration profile
whereas opposite behavior exist for the destructive case.

In this investigation, comparative study of i with Al
nanoparticle in different shape particularly - platelet and
cylindrical shape in enhancing the rate of heat transfer has
been analysed in the boundary layer flow and heat transfer of a
nanofluid. Hamilton-Crosser model has been utilized. Further,
nonlinear Rosseland approximation is employed. In the
presence of suitable similarity transformations, the simplified
governing two-dimensional equations are reduced. A well
known numerical method - Runge-Kutta-Fehlberg fourth-fifth
order along with shooting technique was incorporated to solve
nonlinear ordinary differential equations. The existing various
physical parameters are discussed in detail through graphical
representation.

2. MATHEMATICAL FORMULATION AND SOLUTION OF THE
PROBLEM
Consider the steady, laminar, incompressible two-dimensional

boundary layer nano fluid flow over a stretching sheet (Fig. 1).
The velocity of the stretching sheet is assumed to be
u, (%) = ax. Let u,vare the velocity components along the
=¥ directions respectively. Let T., and C, be the constant
values of the temperature and nanoparticle concentration
respectively and these constant values are assumed to be larger
than the ambient temperature and nanoparticle concentration
and are represented by T, and C_ respectively. In the present
flow problem, water is considered as a base fluid with
suspended nanoparticles. Two types of nanoparticles- Cu and
Al.0; are contemplated in the flow problem. Nonlinear
thermal radiation effects are incorporated in the energy
equation.

Under the aforesaid assumptions, the governing basic
equations for the present problem are given by,

X
Momentum Boundary layer
X

Thermal Boundary layer

u=ax, v=0 T=T, C(=C,a y=0
w0 T=T.,C —=Cy Cas :—I.} 24)
where T is the temperature of the nanofluid, L is the
viscosity of the fluid, w,; is the thermal diffusivity of the
nanofluid, pys is the density of the nanofluid, ky; is the
thermal conductivity of the nanofluid and g, is the radiative
heat flux.
In the present study, Hamilton and Crosser model for
thermal conductivity and dynamic viscosity is incorporated,
which is being valid for both spherical and non spherical
shaped nanoparticles. According to this model:

b =W (1+ag + g%, (2.5)

Epy  Rp+ln—t (-1 (ke —ksd

(2.6)

.:\'r_:\';'.'?
In equation (2.3), the density p,- and heat capacitance

loe, ) . are defined as follows,

— N 3
gy T TeEmTen L gy
(ECplay =1 —@l(ocyly + @loc, s |
where ¢ is the nanoparticle volume fraction, k¢ and k; are
the thermal conductivities of the fluid and of the solid
fractions respectively, pf and p; are the densities of the base
fluid and solid nanoparticles, I::CP}s and '::cp::'l are the
specific heat capacities of solid nanoparticles and base
fluids at constant pressure, and constants a2 and h are
empirical shape factors and depend on the particle shape as
given in Table 1. The n appearing in equation (2.6) is the
empirical shape factor given by = =i— where ¥ is the
sphericity defined as the ratio between the surface area of
the sphere and the surface area of the real particle with
equal volumes. The values of ¥ for different shape
particles are given in Table 1 and the thermophysical

properties of water and nanoparticles are tabulated in table
2.

TABLE 1
Empirical shape factor and sphericity for different
shapes of nanoparticle.

Model Platelet Blade Cylinder Brick
I:IG 1. ‘lZl:r{.YSICAL MODEL AND CO-ORDINATE SYSTEM. o 371 126 135 19
T“ + ; =0, 2.1
T b 612.6 123.3 904.4 471.4
du
Uax T 22 7 0.52 0.36 0.62 0.81
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TABLE 2
Thermophysical properties of water and nanoparticles
Fe( W /m-
PP N . )
plkg/m) | e;{J/kgK) K)
Water 997.1 4179 0.613
Cu 8933 385 401
Al 0, 2701 902 239

Using the nonlinear Rosseland approximation for radiation,
radiation heat flux g, is simplified as,

45" 3% 185" o 8T
= -~ ma s Ly (2.8)
where " — Stefan-Boltzman constant and &° - mean

absorption coefficient.

The governing equations (2.1)-(2.3) subject to the boundary
conditions (2.4) can be expressed in ordinary differential
equation form by introducing the following similarity
transformations,

u =axf I:;.::I, v = —vaov I:?::I. ¢|:;.I1:I = ._" "f
o feE
T=T.(1L¢g. —1180nNH — o |2 2.9
L LBy 'D‘?:-'.I'?ul_.' ( . )
where 7 is the similarity variable, &, = =, &, = 1being

the temperature ratio parameter.

Employing the similarity variables, equations (2.2) and
(2.3) are reduced to the following ordinary differential
equations,

Utag+09')" —(1-0+ e |[F7+1f]
=0 (2.10)

Hnf I . Y A2
[— + Rl + (&, —1)8)°

By

6" +Pr(1—g+

P2

—Ls ) f5 £ 3801 + (5, — 16)3 (5, — D7 =0,

(2.11)

subjected to the boundary conditions (2.4) yields,
f=0 ff=1 =1 ¢g=1at n=10,

ff=0 6=0 a&=20 as 1 — o4 (2.12)

In the above equations, prime denotes differentiation with
respect to #, Fr is the Prandtl number and Ad is the
radiation parameter, which are defined respectively as,

16

The physical quantities of interest are the skin friction
coefficient ¢;and the Nusselt number Nu,, which are
defined as,

Er —_— (2.13)

where the surface shear stress T, and the surface flux g,.are
given by,

PR (- .
Gt w 2w Gr |

=0 = y=0

PP
=]

s

Ty = Upf . (2.14)

with u, - and k, ; being the dynamic viscosity and thermal
conductivity of the nanofluids respectively. Using the
similarity variables of equation (2.9), we obtain,

/ ! (2.15)
== =— (= + R} | 8'(0), J
3. NUMERICAL PROCEDURE

The system of coupled nonlinear ordinary differential
equations (2.10-2.11) along with the boundary conditions
(2.12) is solved numerically using Runge—Kutta—Fehlberg
fourth-fifth order method (RKF45 Method) along with
shooting technique. The efficiency of this method is
enhanced due to the reduction of computational time. With
the help of shooting technique, missed initial conditions are
inferred. We have considered infinity condition at a large
but finite value of # where negligible variation in velocity,
temperature and so on occurs. After fixing finite value for
7., integration is carried out with the help of Runge-Kutta-
Fehlberg-45(RKF-45) method. This method has a procedure
to determine an accurate solution if the proper step size h is
being used. At each step, two different approximations for
the solution are made and compared. If the two answers are
in close agreement, the approximation is accepted otherwise
the step size is reduced until to get the required accuracy.
For the
An = 0.001, 5. = 3 and accuracy to the fifth decimal place.

present problem, we took step size
4. Results and Discussion
Numerical computations are carried out for several set of
values of the radiation parameter {Ad) temperature ratio
parameter (€. and the nanoparticle volume fraction (¢
for two types of nanoparticle - Cu and Al,0; having the
platelet and cylindrical shape. In order to analyse the salient
features of the problem, the numerical results are presented
in the figures 2-11. These figures show the role of different
shape and types of nanoparticle on heat transfer
enhancement.

Figures 2 and 3 represent the variation of temperature
component for the differing values of radiation

parameter for s l;0; and (u nanoparticle respectively for
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platelet and cylindrical shape. It is observed that,
temperature profile enhances for the larger values of
radiation parameter. The reason for this is the presence of
thermal radiation implies an enormous enlarging in the
radiative heat which promotes the thermal state of the
nanofluid creating its temperature to enhance.
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Figure-2: Impact of radiation parameter on temperature
profile for 41,0,
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Figure-3: Impact of radiation parameter on temperature
profile for

Figures 4 and 5 respectively represent the influence of
nanoparticle volume fraction on temperature profile for
Al;0; and Cu nanoparticle. It is found that, the effect of
temperature profile increases for nanoparticle volume
fraction. Physically, nanoparticles also serve to increase the
thermal conductivity of the base fluid; as a result, heat is
transferred from the sheet to the fluid with faster rate and
consequently warms the thermal boundary layer region.
Therefore, as the concentration of the nanoparticles in the
base fluid increases, the temperature in the thermal
boundary layer also increases.

Analysis of the figure 6 and 7 show that, the effect of
the increasing values of the temperature ratio parameter is

to enhance the temperature for both type of nanoparticles.
This phenomenon occurs because it describes the thermal
state of the fluid and with the increase of this parameter,
temperature also increases.
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Figure-4: Impact of volume fraction on temperature profile
for Al,0;
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Figure-5: Impact of volume fraction on temperature profile
for Cu

0.8

0.6

Q)]

0.4

6,=12,14,16,1.8
3
0.2

0.0 , ~ ; ; ;

Figure-6: Impact of volume fraction on
temperature profile for A1,z
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Figure-7: Impact of temperature ratio parameter on

temperature profile for Cu

Figures 8 and 9 respectively represent the effect of
radiation parameter for Al, J; and Cu types of nanoparticle
in two cases for platelet and cylindrical shape. It is evident
from these figures that, the effect is found to be more
significant in the Cu-water nanofluid than in the Al; 0g-

water for both shapes.
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Figure-8: Impact of radiation parameter on temperature
profile for platelet shape
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Figure-9: Impact of radiation parameter on temperature
profile for cylindrical shape.

The effect of different particle shapes which are
cylinder, platelet, brick and blade on the temperature of the
nanofluid for both £u and Al ;{; are is shown in figures 10
and 11 respectively. Besides, this effect is studied in the
presence and absence of radiation parameter. It should be
noted that, the effect of thermal conductivity increases with
the increase of temperature but the viscosity decreases with
the increase of temperature. It is clear that, elongated shape
of nanoparticles like cylinder and platelet have minimum
temperature because of the greater viscosity and thermal
conductivity whereas blade has the highest temperature due
to least viscosity and thermal conductivity.
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Figure-10: Impact of different nanoparticle shapes on
temperature profile for Cu

The numerical values of Skin friction co-efficient and
Nusselt number for various flow controlling parameters are
tabulated in table 3 and 4 respectively for two shapes of the
nanoparticle i.e. platelet and cylinder. For both platelet and
cylindrical shaped nanoparticles, skin friction coefficient
decreases for ¢ parameter and it is more for Cu
nanoparticle. Further, Nusselt number increases for Hd., &,
and ¢ for both shapes as well as for both nanoparticles.

TABLE 1
Empirical shape factor and sphericity for different
shapes of nanoparticle.

Model Platelet Blade Cylinder Brick
o 37.1 14.6 13.5 1.9
b 612.6 123.3 904.4 4714
w 0.52 0.36 0.62 0.81
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TABLE 2
Thermophysical properties of water and nanoparticles
plig/m¥) cp (] /kgK) k(W /m-K)
Water 997.1 4179 0.613
Cu 8933 385 401
41,0, 2701 902 239
TABLE 3

Skin friction coefficient values for ¢ parameter

é For Cu For Al 0,
Platelet Cylinder Platelet Cylinder
0.01 0.8707 0.94044 0.85069 0.91873
0.05 0.57474 0.60474 0.52502 0.5518
0.1 0.42949 0.4206 0.37691 0.36977
TABLE 4
Numerical values of Nusselt Number for Rd. &, and ¢
parameter
For Czz For Al,0;
Pla
Rd g, & Cylin Platel Cylinde
tele
der et r
t
o |15 |oa R 1.59 1.57 1.62
2.7
6 2.83 2.82 2.85
9
33
1 3 3.37 3.36 3.40
22
1.2 R 2.28 1.90 2.30
24
1.4 0 2.53 2.00 2.56
2.7
1.6 2.81 2.13 2.83
7
0.0 2.6
2.66 2.00 2.67
1 9
0.0 2.7
2715 2.079 2.739
5 08
2.6
0.1 2.674 2.069 2.697
32
CONCLUSION

In this paper, the effects of radiative heat transfer in
boundary layer flow of different shapes of Cu and Al,0;
nanoparticle in water based nanofluids was examined. Here,
nonlinear thermal radiation is taken in to account. The

influence of the different shapes of nanoparticles namely
platelet and cylinder is determined. Variation of different
parameters are analysed graphically and the corresponding
results are explained as follows:
e Temperature profile increases for the increasing
values of radiation parameter, temperature ratio
parameter and volume fraction for both A{,;0; and Cu
nanoparticles. Further, enhancement of temperature is
little bit more for platelet shape of the nanoparticle as
compared to cylindrical shape.
e Influence of Cu nanoparticle for enhancing the
temperature is more as compared to Al;0;
nanoparticle.
e Blade shaped nanoparticle has highest temperature
whereas cylinder and platelet shaped nanoparticle have
lower temperature.
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