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Abstract. In this paper we define a linear connection on aoltact manifold which is semi-symmetric but
non-metric and we study some properties of the Rierian curvature tensor, projective curvature tenso
concircular curvature tensor, conformal curvatersor, quasi-conformal curvature tensor with resgesemi-
symmetric hon-metric connection.
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1. Introduction: nFl=1 n-¢=0
In 1924, Friedmann and Schouten [12] intro- If g

duced the notion of semi-symmetric linear connectio
on a differentiable manifold. In 1932, Hayden [13ﬁtruct?ulre that is,
introduced the idea of semi-symmetric metric coanec, "'~
tion with torsion on a Riemannian manifold. Theaded &%, @) = g (¥, ¥) — nln (¥,
of semi-symmetric metric connection on a Riemannian ~ 7(X} = g (¥, £1.
manifold was further developed by Yano [20]. Later Thenl is called an almost contact metric manifold
on various properties of such connection have b%mped with an almost contact metric structure
studied by many geometers like K.S. Amur and S.8, ¢, 5, g) and denoted by, &, £ 7. g).1f on
Pujar [3], C.S. Bagewadi, D.G. Prakasha and Venka!;e
shal4, 5], M.M. Tripathi [18], U.C. De et. al. [101],

is a Riemannian metric with almost contact

i.¢. £. n.5) the exterior derivative ofl -form #

etc sat|sf|es
In 1992, Agashe and Chafle [1] defined and (2.3}  dplr.vd = glx. o)
studied a semi-symmetric non-metric connection in aThen(l. ¢, 5 n.g) is said to be a contact metric
Riemannian manifold. The study was further carrigdanifold.
out by Agashe and Chafle [2], J. Sengupta, U.C. De If moreover{ is Killing vector field, theny

and T.Q. Binh [16]. Later on many mathematicians called a K-contact Riemannian manifold. A K-
like M.M. Tripathi and N. Nakkar [17], Chaubey andontact Riemannian manifold is called Sasakiathef
Ojha [8], Jaiswal and Ojha [14], Chaubey [9], stadi relation
semi-symmetric non-metric connection for different {2 4] (Vyal¥ = g(x . VIE — V)X,
contact manifolds. holds, where7 denotes the covariant differentiation
Motivated by the above work, in this paper ;
with respect tgg. From(2.4], we get
we study semi-symmetric non-metric connection on a. (2.5) .
K-contact manifold. The paper is organized as fedio 2 i f-g‘i_ _‘f"_'“
Section 2 deals with preliminaries. Section 3 con- (2.8}  (VynlV = gl¥. ¢Vl
cerned with the relations between the Levi-Civibac  In a K-contact manifoldi the following relations
nection and the semi-symmetric non-metric conneggplds:

tion in a K-contact manifold. Finally, the paperden (2.7} g(R(X.VIZ, &) = gV, Zn(X) — g(x. 2 (¥),
with the properties of Projective curvature terSor (3 g q (X, VIE = )X — gDV,
Concircular curvature tensdr. Conformal curvature 5 a3 R(EXIY = 5.:;_-.}-*.5 -V X,
tensor and quasi-conformal curvature tengirof (2.10) ;.fg VIE = n(X)E -

K-contac_t manifold_s with respect to the semi- (2.11) S8 = (n— (X

symmetric non-metric connection. (2.12) SCaX, :,fll':':l =L:‘(,'. V) — (n — (X)),

2. Preliminaries:
An r-dimensional differentiable manifol

is called an almost contact structurg. £. 5} if it
carries a tensor fielg: of type (1.1}, a vector field
fand a 1-formy on M satisfying

for any vector fieldst. ¥ andZ. WhereR and5 are
the Riemannian curvature tensor and the Ricci tenso
of M_respectively.

Volume - 1, Issue - 1 Page 1



JNNCE Journal of Engineering and Management (JJEM)

3. Expression of R(X.¥1Z intermsof R(X, ¥\ Z: (3.13)

Let M be ann-dimensional K-contact mani- (7 n)¥ = (T,)V — n(¥1n(¥) = (¥, V1.
fold with Riemannian metrig. If ¥ is the Levi-Civita  Proof: By using(3.1) and{2.1}, we obtair/3.11}.
connection of a K-contact manifold A semi- From(3.1}and(2.3}, we get(3.12). Finally, by vir-
symmetric non-metric connectiofl in a K-contact tue of (3.1), (2.4} and(2.6] we get(3.13].
manifold is given by From (3.131, we can easily state the following co-

(3.1) Wy=vY+a00X, rollary:
wheren is al-form associated with the vector field Corollary 3.1 In a K-contact manifold, the tensor
£ on M. By virtue of(3.1) the torsion tenscf of the field « satisfies

connection’” and is given by (3.14) alx,§) = —n00). . . .
(3.9) V) = 0,V — B.X 7. Theorem 3.1: In a K-contact manifold with semi-
(i T i ...._,—I}_ _.

symmetrlc non-metric connectidn we have

A linear connectiort’ onl{ is sald to be a semi- -
GBI AN VIZ+AY. )X +REZ. XY

symmetric connection if its torsion tensDrof the

o = lal¥, 2) — (2, X)]Y +1elZ,V) — (¥, 2)]X
connection’” satisfies
(3.3) T, V) = n¥) X — (O Y, +la. X) — alx. ]z
If moreover?g = l!] then the connection is called a (3167 Aiv.v.Z. W)+ FV.X. 2. W1 =
seml-symmetrlc metric connection.fify =0 thenthe  (3.17) F(v.v.2. W) — B(Z. W.¥. V)

connectioni’ is called a semi-symmetric non-metric = [a(X, Z) — alZ, X)]g(V. W)
connection.

on. +eaW, XglV, Z) — eV, Z) g (X W,
/Frornﬁ.l,l. we get Proof: By using(3.5}, we obtain
34 (3.18) AX.VIZ+R. 20X + RE. XY
Weg)¥.2) = ) gx.2) —nZgx. V), =RULY)Z+RULYIZ + R(X.V)Z

for all vector fields. Y. Zon M. ol 2 — alZ. 307
A relation between Riemannian curvature -

+alZ. V) — ey, 211X
tensorsk andF with respect to Riemannian connec- v (x.V)1z
—_fc\‘./._.—ﬁcv-‘..;_.a.

tion ¥ and semi-symmetric non-metric connectidn By using first Bianchi identity
of a K-contact manifoldy is given by R(XYIIZ+R(V,I)X+RZ XY =0 in (3.18) we
(3.3) obtain(3.15).
Rx.v)Z =RX.V)Z—alV.2)X + (X, 2}V, Again by using(3.3}, we get
for all vector fields¥.¥.Z ond wherec is a ten- (3,10} F(¥ . V.Z. W1 = BV, }' ; W
sor field of (.2} type defined by eV, Zgx. Wi+ alX, Z1gly, W)
(3.6) oy, ¥) = (V)Y —nCIn (1) = (Tum). If we change the role cf and “in (3.12), we
By using (2. é‘l in (3.6), we obtain have
3.7 ex.¥) = glx.e¥V) — n(0n) (3.20) R(¥.X,Z.W) = R(¥. X, Z.W)
By virtue of\3..e,l in equatior(3.5)), we get +a(V, Z)g(F W) — a(X, Z) gV, W,
(38 AX.Y)Z=RX.VIZ-gV, 0I)X By virtue of ! 3 19} and{3.20}, we obtain
+n@n (X + g¥, ¢Z)Y —n(Kin(2)Y. (3.21) Flx.v.Zw)+ #i}'./. ZW)

A relation between Ricci tensofs ands = H'i}-’-'k'-ﬁ-"li )+ RV, X, Z, W),
with respect to semi-symmetric non-metric connectio Since R[X. V. Z, Wi+ RA(V. X, Z, W} =0 and then
7" and the Riemannian connectinof a K-contact we get(3.16].

manifold }{ is given by Now by using3.13], we have
(3.9 (3.22) RHX.V.ZW)-R(Z WXV
S, 2)=5w.2) — (n-1alv,z) =RX.V.ZW)+ REZ. W.X, V)
On contracting.3.21, we obtain fe(X.2) - a(Z.X)]g(¥. W)
(3.10) #=+—(n— 1trace () +a(W .4,'5'\1«' I)— ey, Z)glx, W)

Lemma 3.1: Letif be ann-dimensional K-contact We know thatR(X.¥, Z. W = R{Z.WW,X. ¥ then
manifold with respect to the semi-symmetric nori3.22) reduces a&3.17}.

metric connectior?’. Then Lemma 3.2: Let M be ann-dimensional K-contact
(311) (%, o)V = (Vy0)¥ — n(¥])eX. manifold with respect to the semi-symmetric non-
(2.12) Pl =X — @X. metric connectiory”. Then
(3.23) R v =20y —nxv]
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(3.24) HEXE=2[n(x1F-x], (45) Py, VIZ4+PV.X)Z =0

'"3 ?"I First Bianchi identity holds for Projective curvetu
BE XV =g VIE—2n (V)X — a(X, V)£, tensor? in K-contact manifold.

Proof: By usingt2.8}in (3.3}, we get(3.23]. By If P, VIZ =0, that is projectively flat with
using(2.10) and (3.5}, we have(3.24}. From(2.2) respect to Levi-Civita connection then this implies
and(3.5), we obtain(3.25). F(x.¥Y1Z =0.that is projectively flat with respect to

Lemma 3.3; In ann-dimensional K-contact mani-S€MI-Symmetric non-metric connection.

fold with respect to the semi-symmetric non-metric S fClc(;ncwdcuI?: curvature tens;t)r of K- cor;ttact
connection, we have manifold admitting semi-symmetric non-metric

connection:

(3.26] X El=2n 1201 -, . . .
:g'fi -+ ; 1 (s Let i be ann-dimensional K-contact mani-
(3.27)  Sipx ¢;| x.v), PR fold, then the Concircular curvature tenghrof M
Proof: By. u§|ng'\?.11,l i’;md:E.':'J,l.we/obta‘m'j._é,l. with respect to Levi-Civita connectlon is defmeyj b
From equatiori2.12} and3.5), we get{3.27 1. (5.1) ¢ V)Z=RX,¥)Z— alv. 7
i ( VIlZ =R(X,V] —[g(V.Z)X
4. Projective curvature tensor of K-contact ma- PR i
nifold admitting semi-symmetric non-metric con- gL 2)Y].
nection: wheref and: are Riemannian curvature tensor and

Let M be ann-dimensional K-contact mani-scalar curvature of the K-contact manifdid
fold, then the Projective curvature tengoof M with Theorem 5.4: Let i be a K-contact manifold. Then
respect to the Levi-Civita connection is defined by the Concircular curvature tensafsandi of the K-

41} PXVNI=RX.VNEZ-——[S(V.2)X contact manifolds with respect to the Levi-Civitane
T i nection and semi-symmetric hon-metric connection is
A L.l ]
glated as
whereE and5 are Riemannian curvature tensor and . .- FOEVIT = COr VYT — (V. 2%
Ricci tensor of the K-contact manifold. T tracela) C S

Theorem 4.2: Let M be a K-contact manifold. Then +a(¥. 2}V — — lgv.Z
the Projective curvature tensBrof M with respect to '

Proof: Let £ andC denote the Concircular curva-
the semi-symmetric non-metric connection is eqoal fure tensor ofif with respect to the semi-symmetric
the Weyl projective curvature tenssrof the Levi

) " non-metric connection and the Levi-Civita conneattio
Civita connection of K-contact manifold. respectively. Concircular curvature tengowith re-

Proof: Let ¥ and? denote the Projective Curvatur‘%pect to the semi-symmetric non-metric connectn i
tensor of}! with respect to the semi-symmetric nordefined by

metric connection and the Levi-Civita connection, (3.3} Clx,v)Z =Rx,v)Z

respectively. Projective curvature tengomwith re- # e

spect to semi-symmetric non-metric connection is de ~ »(; — 1) g, DX — g, Y]

f'nfd By whereH and# are the Riemannian curvature tensor
w2 . and scalar curvature of the K-contact manitiidvith

PE.YV)Z=RAY)ZI - p—y SV, Z)X — 5(X, 2)¥], respect to semi- symmetrlc non-metric connection.
whereH and< are the Riemannian curvature tensor Then by using3.5} and(3.10] in (3.3}, we get

and Ricci tensor of the K-contact manifald with (54017 = L1V alf, 2+ ofy, 2V r-(n-Ypracele). lt, 28~ (2.2,

respect to the semi-symmetric non-metric connection ’ o a-1) e
By usingt3.3} and(3.2) in (4.2}, we have which gives!3.2). This completes the proof of the
(4.3} PXVIE=RX.VIZ-alV. 20X theorem.

P ) Theorem 5.5; In ann-dimensional K-contact mani-
Tekt st n—1 S 21X fold 4, the Concircular curvature tensfrof the ma-
—n— Ve 2)X —5X. 2 nifold with respect to the semi-symmetric non-netri
+(n— el ZIV]. connection doesn't satisfy the first Bianchi idinti

that is,

(B53) CAVIZ+CWIX+CEXNY =0

Proof: First Bianchi identity for Concircular curva-
ture tensot of K-contact manifold is given by

which implies® (¥, ¥1Z = P(¥,V}Z. This com-
pletes the proof of the theorem.

Theorem 4.3: In ann-dimensional K-contact mani-
fold }.the Projective curvature tensdrof the mani- SR
fold with respect to the semi-symmetric non-metric G.e) e VIZ+ DX+ 020y
connection satisfies the followings: =REY)Z+RE DX +R{ZX)Y

(44 PXYVIZ+BYV.2IX+PZ XV =0, talX.Z2) - «(Z. X)]Y
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4z, V) —aly, 2)]1x
I eisr 1.-“| i L"I]T # fmr = z frr o em P
flalk, il —ala, Fla, + g Zg (X W) — g (X, Z)g (Y. W]

i X YIZLRY TIX L RIZ.XIY = - - ) i
Since  RUXY) R, ZJX+RIZ XYY =0 and whereH, 5 and# are the Riemannian curvature

“'“t' ) =alzvl we obta|[1 ) tensor, Ricci tensor and scalar curvature of the K-
(5.7 CHYVIZ+CW.2x+ @Y contact manifold 3 with respect to the semi-
=X} -alZ ..f.J]. symmetric hon-metric connection.
+elZ. V) —aly, 20X Then by using3.5), (3.9} and(3.10) in (6.4),

+elyV. X) - a(X. VI]Z. we have
In view of (3.7}, we obtair{5.3}. (650 Cx.v.ZwW)=RETY.ZW
6. Conformal curvature tensor of K-contact ma- +alX. Z)gW Wl —a(V.ZlgCk, |1 )

nifold admitting semi-symmetric non-metric con- 1 .

nection: —T ol g, wWiIsW.2) — (n - Da(y, 22}

Let M be ann-dimensional K-contact mani- —g¥. WS, Z) —(n — Ualy. 20}

fold, then the Conformal curvature tengoof i with +gC%, 25X, W) — (n — DX, W)}

respect to the Levi-Civita connection is defined by —glx. 2)S(r. W) = (n — Dely, W))]

(6.1) CX.Y)Z=RWX,V)Z-——[S(V.5)X U ' ' -
—S(X.DW + g(V.Z10X — g(X.Z1QY] + R (v, Bl (r W) —
+—————[g(¥.2)x — g(x,Z2)V¥]. gx.Z2) glv, w)l.

M _.1'““” B 2) ) P By virtue of (6.2} in{6.531, we obtain(6.3}.
I?y t?kmg an inner product withi” in (6.1}, we get Theorem 6.7: In ann-dimensional K-contact ma-
6.2) CX.v.Zw)=RX.V.ZLW) , . &

1 nifold M, the Conformal curvature tensirof the ma-
) SF.2)glx,w) nifold with respect to the semi-symmetric non-netri
50X, Z)a (7. 1) connect|(1n doesn't sat|sty first Bianchi identitpat is,

PR A 6.6) CX.V.ZW) + C(Y.ZXW)
+gV. Z)glQX Wl — g(X, 2)g(QV, W] -
¥ T S —— +OE T W) =0,
T oo 8- 2g (W) Proof: First Bianchi identity for Conformal curva-
—g(&.2)g V. WL, ture tensor. of K-contact manifold is given by

where A. & and » are the Riemannian curvature 6.7)
tensor, Ricci tensor and the scalar curvature ®fkth L om, o
. , V.ZLW) + C TZXW + CZXTW)
contact manifoldi. oo
ROLY. ZW R‘x"“ﬁ"n-’,l

cx,
Theorem 6.6: Let i be a K-contact manifold. Then

LRI ¥ "
the Conformal curvature tensofsand’ of the K- 1 A B
contact manifolds with respect to the Levi-Civitne ~ ——— [{a(X, 2} — alZ, X Ig(¥, W)
nection and semi-symmetric non-metric connection is -
re":"teqaf,‘__,_”‘ I +Ha¥, X)) —alX, Vg2 W) +{a(Z.V) -

(B3 CXN V. Z Iixalz'::'-'-‘t.;-li J al¥, .-Ij'ﬂ'lv"a-ltr.--

+alX, algn?z.it',l—ag:»'.z,lg.:};'.n'j Since

— = alx.2) g W) —a¥. 20 gx. W)  REY.ZW)+RY.ZX W) +R(Z.XV.W) =0 and

n

—alX, W) g(¥.2) +alv, W) g(x.2)] in view of (6.7, we obtain(6.6.

- gV, Z2)g(x, W) — g(x, 23 g (¥, WL
n—12 7. Quasi-Conformal curvature tensor of K-

Proof: Leti and denote the Conformal curvatureontact manifold admitting semi-symmetric non-

tensor of}{ with respect to the semi-symmetric norfnetric connection:

The notion of the quasi-conformal curvature
metric connection and the Levi-Civita connection,
ténsor was introduced by Yano and Sawaki [19]. yThe

respectively. Conformal curvature tengbmwith re- define quaS| _conformal curvature tensor by
spect to the semi-symmetric non-metric connect®n i (7.1} wixv.v)Z = aROLYIZ + bl [S(Y, 20X

definedby o S0 DY + glY. QX — g(X. QY]
ed) X YVZW)=RX,V IW) T G
) —=| -+ 2] [g(¥, D)X — g%, DY,
SV Dg (X W) — S g (V. W n-1l o _ .
n—-2)" wherea and & are constants such thalt =0, &
19V, DgidX. Wy — giX.Z1g (V. W] is the Riemannian curvature tensdis the Ricci ten-

sor, @ is the Ricci operator defined by
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g(QX. V) =5(X.¥) andr is the scalar curvature ofsymmetric connection , Tensor, N.S., 32 (1978}, 35

the K-contact manifold{. 38. , .
Theorem 7.8 Let M be a K-contact manifold. [4] C.S. Bagewadi, On totally real submanifolds of

, . .. a Kahlerian manifold admitting semi-symmetric me-
Then the quasrconformal cur.vature tenttdand it tric F-connection, Indian J. Pure. Appl. Math., (53
of the K-contact manifolds with respect to the Lev{1982), 528-536.

Civita connection and the semi-symmetric non-metric[5] C.S. Bagewadi, D.G. Prakasha and Venkatesha,

connection is related as ) i Projective curvature tensor on a Kenmotsu manifold
(7.2} WxyZw)=wiLyZw with respect to semi-symmetric metric connection,
+ale(X, Z2)g(Y, W) — (¥, 2)g(X, W] Stud. Cercet. Stiint. Ser. Mat. Univ. Bacau., 20Q7),
+in — Do[alx, 2gly, W) — a(¥, Zg(. W) 21-32.

[6] S.C. Biswas and U.C. De, On a type of semi-
symmetric non-metric connection on a Riemannian
et levmree T o o . manifold, Ganita. 48 (1997), 91-94.
+— ’ — —23] Y. Z)gl W) — [7] D.E. Blair, Contact manifolds in Riemannian
cli‘-{.E"Ic'.i‘f.‘..'u-"l]. geometry, Lecture Notes in Mathematics, Vol.509.
A L i Springer-Verlag, berlin-New-York, 1976.
Proof: Let It" and ¥ denote the quasi-conformal [8] S.K. Chaubey and R.H. Ojha, On a semi-
curvature tensors oM with respect to the semi-symmetric non-metric connection, Filomat, 25 (4)
symmetric non-metric connection and the Levi-Civitg011), 19-27.
connection, respectively. Quasi-conformal curvature[9] S.K. Chaubey, Almost Contact metric manifolds
tensori’” with respect to semi-symmetric non-metriadmitting semi-symmetric non-metric connection,
connection is defined by Bulletin of Mathematical Analysis and Applicatigns
(7.3 WY.L W) =B, V.2 W) 2 (2011), 252-260.
£ B[SCY, Da (L WY — 808 Tha (Y. W) [1Q] uU.C. Dg and \_]oydeep S.engupta, On a type of
= ) semi-symmetric metric connection on an contact me-
o e Dg (@ W) - g(X D@y W] tric manifold, Filomat, 14 (2000), 33-42.
froa (Y, Da (. W) — 2% Da(¥, Wi, [11] U.C. De and G. Pathak, On a semi-symmetric
= .= = “”" metric connection in a Kenmotsu manifolds, Bull.
where . & and# are the Riemannian curvatur€alcutta Math. Soc., 94 (40) (2002), 319-324.
tensor, Ricci tensor and scalar curvature of the K-[12] A. Friedmann and J.A. Schouten, Uber die
contact manifold M with respect to the semi-geometrie der halbsymmetrischen Ubertragung, Math.
Zeitscr., 21 (1924), 211-223.
L fm ey fmal s W e e . [13] H.A. Hayden, Subspaces of a space with tor-
By quqmg 320 \3,;9'“‘"3'10) in (7.3) and by vir sion, Proc. London Math. Soc., 34 (1932), 27-50
tue of (7.1y we getl7.2). _  [14] J.P. Jaiswal and R.H. Ojha, Some properties of
Theorem 7.9: In ann-dimensional K-contact mani-K-contact Riemannian manifolds admitting a semi-
fold M, the quasi-conformal curvature tendBrof the symmetric non-metric connections, Filomat, 24 (4)

manifold with respect to the semi-symmetric nor2010), 9-16.

metric connection doesn't satisfy the first Bianchi [15] Selcen Yuksel Perktas, Erol Kilic, Sadik Keles
identity, that is, On a semi-symmetric non-metric connection in an LP-

FAWEVLIW + W 2w Sasakian manifold, International Electronic Jourfal
LI NY. WY = 0 Geometry, 3 (2) (2010), 15-25.
PR . _ [16] J. Sengupta, U.C. De and T.Q. Binh, On a type

Proof:  First B[?”Ch' identity of quasi-conformalys semi-symmetric non-metric connection on a Rie-
curvature tensoll’ of K-contact manifold and bymannian manifold, Indian J. Pure Appl. Math. 312)(1
virtue of (7.2} we get(7.4]. (2000), 1659-1670.
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